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Nonlinear Finite Element Analysis of
Sandwich Shells of Revolution
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The nonlinear bending and buckling problems of axisvmmetric three-layered sandwich shells are solved using
an incremental finite element approach. The nonlinearities considered are due to large displacements, and plastic
deformations of the facings. The sandwich construction is assumed to have identical facings and isotropic material
properties. Flexural, extensional, and shear stiffnesses of all three layers are considered. The discrete model is
obtained using a doubly curved axisv mmetric shell element. An incremental variational principle is employed
to derive the element equilibrium equations. These equations contain a load correction term which gives better
accuracy and convergence. To illustrate the applicability of the method to nonlinear bending and buckling problems,
three examples are solved. The finite element solutions compare favorably with the available analytical and
experimental results.

R
Introduction

ECENTLY, the finite element discretization technique has
been applied to linear and nonlinear analysis of sandwich

structures.1"3 Abel and Popov1 applied the method to a linear
analysis of axisymmetric shells including the in-plane and
bending effects of the core as well as those of the facings.
Also, Monforton and Schmit, using a totally different discrete
model, solved the linear2 and large displacement3 problems of
soft core sandwich plates and cylinders.
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Herein, an incremental displacement formulation for the non-
linear finite element analysis of sandwich shells of revolution
with axisymmetrical loadings and boundary conditions is pre-
sented. The nonlinearities considered are due to large displace-
ments as a result of finite rotations, and plastic deformations
of facings. The incremental variational principle, including a
"load correction" term, is used to derive the element equilibrium
equations. In this derivation, a moving reference configuration
is considered; and in the plastic range, von Mises yield criterion
together with isotropic hardening rule are used.

The discrete model is obtained using a doubly curved axi-
symmetrical shell element. The element has a three-layered sand-
wich construction with similar facings. Homogeneous and
isotropic material properties are assumed; and flexural, exten-
sional, and shear deformations of all three layers are considered.
With this formulation, monocoque shells can be analyzed by
simply assigning the same material properties to all of the
sandwich layers. However, this is not applicable in the plastic
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Fig. 1 Kinematics of incremental axisymmetric deformation of a
sandwich shell.

range where the plastic deformation of the core layer is
neglected in the present formulation.

The method is applied to investigate the nonlinear bending
and buckling behavior of axisymmetric plates and shells of
monocoque as well as sandwich construction. For postbuckling
analysis, the finite element equations are augmented to give a
positive-definite stiffness matrix in the descending branch of the
load-deflection curve. To show the capability and accuracy of
the method, the results are compared with some of the analytical
and experimental results available in the literature.

Kinematics of the Incremental Deformation
The meridional profile of the sandwich shell under con-

sideration is shown in Fig. 1. Here hc and hf designate the
thicknesses of the core and facings, respectively. The surface
curvilinear coordinates are denoted by oq and a2 (not shown)
which coincide with the lines of principal curvatures in the
meridional and hoop directions, respectively. Also £ l t £2, and
C3 designate the normal coordinates of the core, top, and bottom
facings with their origins at the respective middle surfaces (see
Fig. Ib). Henceforth, the subscripts 1, 2, and 3 are assigned to
the quantities associated with the core, top, and bottom facings,
respectively.

Figure la shows the incremental deformation characteristics
of the shell between the current configuration, C l t and a
neighboring one, C2. The quantities u^, and w are, respectively,
the incremental meridional and transverse displacements of a
generic point P located on the middle surface of the shell in
Cr As shown, the deformed cross sections do not remain normal
to the tangent to the middle surface of the shell. Denoting the
rotations of the cross section of the layers by fik and that of
the tangent to the middle surface by %, the following relation
holds:

Pk = x + yk> /c- 1,2,3 (1)
in which ylf y2, and y3 are the incremental shear strains in the
core, top, and bottom facings, respectively. As the two facings
are assumed to be identical, y2 = y3 and /?2 = /?3. Following
Abel,1 yk are assumed to be constant in each layer. This results
in a discontinuity of shear deformations in the interfaces. The
difference is accounted for by the warpage of the cross section
7 defined as

y = yc-y (2)

where yc = yl and yf = y2 = y3.

Neglecting the normal deformations in the thickness direction,
the incremental displacement field can be written as

Mk( a i -Cfc) = "fc°(ai) + Cfc Ak(«i) (3a~c)
w*(<*i'C*) = w(ai), k = 1,2,3 (3d-f)

Here u^ ', u2°, and w3° denote the meridional displacements of
the middle surfaces of the core, top and bottom facings, re-
spectively. By imposing the continuity of the meridional displace-
ments at the interfaces, it can be shown that

M2°(ai) = "iVi) + i[Mi(ai) + M2(ai)] <4a)
MaVi) = ul°(*l)-±[hcP1(ctl) + hfP3(*l)'} (4b)

Following Novozhilov,16 the nonlinear incremental strain-
displacement relations including the effects of transverse shear
deformations of an axisymmetric monocoque shell are derived in
Appendix A. Introducing Eqs. (1) and (3) into Eqs. (A3, A4,
and A6) of Appendix A, the incremental strain-displacement
relations in each layer of the sandwich shell are obtained. In
this derivation the continuity of the linear and nonlinear com-
ponents of the extensional strains at the interfaces of the layers is
maintained. The resulting relations can be written as

(e i i ) fc = (*ii)* + (>/ i i )k (5a)
(fi22) fc = (*22)* + fo22)» * =U.3 (5b)

(2e13)k = (2^13)k + (2iy13)k (5c)
where en and s22 are, respectively, the extensional strains in the
meridional and hoop direction, and e13 is the transverse shear
strain. In Eqs. (5) for each kih layer

(^A = (*ii\ + C*(K,i1)* (6a)

(2el3)k = (2e13\
are the linear components, and

(6c)

are the nonlinear components of the incremental strain tensor.
In Eqs. (6), for k = 1

^11° = ̂  (**)

e22° = e2c (8b)
2e13° = 7C (8c)

and for k = 2, 3
x + reKle + r f K l f ) (8d)
x+ rcK '2c + r/7C2/) (86)

2e13° = Jf (80
are the linear components of incremental strains in the middle
surfaces of core and facings, respectively, and

for k = 1 (9b)
and

(9c)
\22 — / V 2x~ r / v 2 / ' 1Cfl ^ — *—>** (-'Cl)

are the linear components of incremental curvature changes in
core and facings, respectively. In Eqs. (7), for k = 1

122° = i(O
(lOc)

and for k = 2, 3

(lOd)

122° = ie2c2 ± (d/2)(K2x + rc ,<2c + rf K2f)e2c + («//4r)[rc(X + yc)
(10e)
(10f)
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Fig. 2 Doubly curved shell element.

are the nonlinear components of incremental strains in the
middle surfaces of core and facings, respectively, and for k = 1,

(Ha)
(lib)

and for k = 2,3
(He)

< l l d)
are the nonlinear components of the incremental curvature
changes in core and facings, respectively. The quantities appear-
ing in Eqs. (8-11) are defined as
elc = du^/ds + w/R^i e2c = (l/r)(w1°cos</> + wsin</>)

cos

K2X = (X/r) cos </> ; % = ul°/Rl- dw/ds
KIC = dyjds ; K2c = (yjr) cos $ ; Klf = dyf/ds ;

rc = hjd ; rf = hf/d ; r = R2 sin 0 ; ds = R^d(j)
where # t and #2 are the principal radii of curvature, s is the
arc length, and (j> is the coordinate angle in the meridional
direction (see Fig. 1). The sign convention for the increments
of displacements and rotations are shown in Fig. 1.

using Cartesian tensors. Introducing the appropriate physical
components of the stresses, strains, and metric tensors of the
shell surface coordinates into Eqs. (B 11) and (B 12) of Appendix B,
the required constitutive relations are obtained.4 For the case
of generalized plane-stress, the result can be written as

0 0
k= 1,2,3 (12)

2fi,
where

(C22)k =

and

In these equations, for each layer (designation k is deleted):
a = shear correction factor ; p = EJE ; Q = ( 1 — v2)p + ( 1 — p) x

22-i1Tu)/*]; and <r =
T11

1r22+ 1T22
2)1/2 where £ and £r are Young's and

tangent moduli, respectively, G is the shear modulus, v is the
Poisson's ratio, 1rx,( and 1ejt,i are, respectively, Cauchy stress
and Lagrangian strain tensors in C l t and <r is the so-called
effective stress. Note that by specifying p = 1, the stress-strain
relations in Eq. (12) degenerate into the corresponding elastic
constitutive relations. In the subsequent derivations, consistent
with the assumption (2), p is set equal to 1 for the core layer
(k = 1).

Finite Element Formulation
Element Characteristics

For discretizing the shell geometry, a doubly curved axi-
symmetric ring element is used. This was first developed by
Khojasteh-Bakht,5 and was later modified in Ref. 6. The
meridional profile and the local coordinates, (£, q), of the element
under consideration are shown in Fig. 2. Note that the abcissa
is divided by the cord length, /, resulting in 0 s £ s: 1. The
cap element, shown in Fig. 2b, is used for the top of the closed
shells; and the frustum elements, shown in Fig. 2a, are used
elsewhere. At the end nodal points, / and j, the positions and
slopes of the middle surfaces of these elements match with
those of a given shell. Thus, the shape of the middle surface
of an element, in meridional direction, is given by

>/ = £(l -{)(*! + fl2» (13)
where al = tanal-, a2 = — (tan a£ 4- tan o^), and the angle a is
defined in Fig. 2a.

Incremental Constitutive Relations
Consistent with the formulation of the problem under con-

sideration, the constitutive equations are written for an incre-
mental step between configurations Cl and C2. In view of the
application of these equations in the subsequent derivation of
equilibrium equations, it is imperative to use the Piola sym-
metric stress tensor, sijf as the measure of incremental stresses.
This stress is defined in terms of the unit area and the co-
ordinates of the reference configuration, C t. Furthermore, the
derivation is subject to the following assumptions: 1) deforma-
tions (strains) are infinitesimal, but rotations are finite; 2) the
core material is elastic; 3) in the inelastic range for the facings,
a) the plastic flow is governed by von Mises yield criterion
and isotropic hardening rule, and b) shear stresses have
negligible effect on the plastic behavior of the facings.

In Appendix B an incremental elastic-plastic constitutive
relation for a three-dimensional homogeneous body is derived

Element Displacement Pattern

In terms of element local coordinates, the following displace-
ment model is assumed for a frustum element, Fig. 2a

(

where ut and u2 are components of incremental displacements
of the middle surface of the element in the directions of c, and
rj, respectively; yc and yf are the incremental shear strains in
core and facings, respectively; cx,l and a2 , . . . ,a1 4 are the
generalized coordinates. As shown in Fig. 3, ten degrees of
freedom at the njpdes i and j are the external DOF: and
four DOF at the internal nodes m, n, and k are the internal
DOF. At each node, i and j, the external DOF consist of two
displacements u^ and u2, one rotation 7, and two shear strains
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Fig. 3 Internal and
external DOF.

yc and yf. The internal DOF consist of two displacements ifn
1

and uk
lt respectively, at nodes m and k, and two shear strains

y" and yf" at node n. The locations of the internal nodes are
shown in Fig. 3. The following relations hold between the new
variables (uv u2) and the displacement components (u, w)

Because of axisymmetric deformation, the displacement com-
ponent u, the shearing deformations yf and yc, and the rotation
X must vanish at the top node of the cap element, Fig. 2b. By
imposing these conditions, the displacement model in Eq. (14)
is specialized for the cap element,4 and is given by

(16a-d)

For subsequent use the matrix representation of the displace-
ment models, Eqs. (14) and (16), can be recast as

{«(£)} - [0(«]{a} (17)
where

and

are the displacement functions which except for (j>x are given
in Eqs. (14) and (16), and (f)x is obtained by using Eq. (15)
to express / in the following form :

{a}7' = < a l t a 2 , . . . , a 1

Equilibrium Equations

The element equilibrium conditions can be stated in the
variational form of an incremental expression of virtual work.
This expression is derived by obtaining the difference between the
virtual work expressions of the deformed bodies in con-
figurations C1 and C2, written with reference to current con-
figuration Cj. On this basis, the required variational equation
has been originally derived in R'ef. 7, and has been later modified
to include a load correction term for better accuracy and con-
vergence.4'8 Neglecting the contribution of the body forces, the
linearized form of this expression is given by

Rf + LS{u}T{t}da = l,d{nY{lT}dv+ld{e}'r{S}dv (18)
where 6 is a variational operator, and Rc is the correction or
residual loading term given by

Rc = Ld{uY{lt}da-l&(eY{^}dv (19)
In applying Eq. (18) to derive the element equilibrium equations,
the quantities appearing in Eqs. (18) and (19) are defined as
follows :

where according to Eqs. (6) and (7) {e}k
r = /^lle222el3)k, and

where
{s}fcT = OllS22Si3>fc

are components of the incremental Piola stress tensor, and
r i T i V _ / IT IT IT \ ^ _ i 7 ?
\ T l fc — \ T l l T22 T 13 / fc - K — l.^.J

are components of the Cauchy stress tensor as defined previously.
Furthermore, {t} denotes the increments of surface tractions
measured per unit area a, { l t } denotes the vector of surface
tractions in Cl measured per unit area a, and a and v stand
for the boundary area and volume of an element in current
configuration, respectively.

Utilizing the element displacement model in Eq. (17) together
with the kinematical and constitutive equations (5-12), the
expression (18) is integrated numerically to yield

(20)
where

dv

Since (5 {a} are arbitrary variational quantities, they can be deleted
from both sides of Eq. (20) to give

M^tWJ, <21>
which is the element equilibrium equation in terms of generalized
coordinates. Here, {Q} is the load vector, [/cj and [fcj are,
respectively, the ordinary and geometric stiffness matrices. Prior
to assemblage, relations such as Eq. (21) should be expressed in
terms of some global coordinates according to the following
transformation rule

(22)
- III

{l}kT = = 1,2,3
fe\ 7Vc\
W2 l5/3

i-rl '!T /3

where [T] is a linear transformation matrix, and {r} is the
element nodal degrees of freedom in terms of global coordinates.
For example, in terms of spherical surface coordinates, {r} can
be written as

and matrix [T] follows from relations (15) and (17). In Eq. (23),
%h — x + (yc hc + yf hf)/d is the rotation of the tangent to the middle
surface due to bending.x

By imposing the continuity of w, w, y, and /6 at the interelement
boundaries, the element force-displacement relations in global
coordinates are assembled to obtain the structural equilibrium
equations

[K]M = {R} <24)
where [X] and {R} are the structural stiffness matrix and load
vector, respectively. After imposing the boundary conditions,
Eqs. (24) are solved for the incremental displacements {r}. Then
using the preceding kinematical and constitutive relations, the
incremental strains and stresses are calculated and the solution
continues with the next load increment.

Postbuckling Analysis

Perhaps the most significant application of the present non-
linear analysis is for the solution of the buckling problems. For
such problems, it is often of practical value to determine the
postbuckling behavior of the system. Unlike flat plates, the
buckling of shells coincides with a sudden failure accompanied
by a large decrease in the load carrying capacity. From an
analytical point of view, this means that the descending branch
of the load-deflection curve, in the postbuckling region, is
characterized by an indefinite stiffness matrix. Therefore, to be
able to apply Eqs. (24) in these situations, a special numerical
technique must be adopted. Here the method used is based on
the idea of augmenting the structure so that the resulting stiffness
matrix becomes positive-definite in the postbuckling region.
This technique was used in Ref. 9 to solve the buckling problem
of frames. Recently, it has been generalized to apply to any
structure under arbitrary loading.4'8
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Fig. 4 Center deflections of the circular plates.

According to this method, the structure under consideration is
augmented by providing a number of fictitious springs under
the loaded degrees of freedom. The stiffness matrix of the
augmented structure is then computed and used in Eqs. (24)
to obtain the displacements of the actual structure. It has been
shown4 that the above stiffness matrix can be obtained by
superposing the following matrix of rank one on the structural
stiffness matrix K

[KA-] = (c/*2){R}{R}T (25)
where c is the given stiffness of a fictitious elastic spring, {R}
is the structural load vector, and a is the norm of vector {R}.
Hence, the augmented equilibrium equations can be written as

[K + KA-]{r} = {R} (26)
Note, that, substituting Eq. (25) into Eq. (26) yields

(27)
where A is a scalar load factor given by

\ = l-(c/<r2){R}T{r} (28)
which can be computed once Eqs. (26) are solved for {r}. If a
proper choice for the value of c is made so that [X-t-Xj
remains positive-definite throughout the range of analysis,
0 < A < 1 on the ascending branch, and - 1 < A < 0 on the
descending branch of the load-deflection curve. For further
discussion on this subject see Refs. 4 and 8.

Numerical Examples
Based on the foregoing formulation, a computer program

was written for the solution of some numerical problems. The
structures considered include circular plates and spherical caps
with homogeneous and sandwich construction. The nonlinear
bending and buckling problems of some of such structures were
analyzed and the results are presented below.

1. Circular Plates

A clamped circular plate under a uniform lateral pressure, p,
is considered with the following geometric characteristics: radius
a = 20 in.; hf = 0.025 in.; hc = 0.45 in.; h = 0.50 in. The plate

is divided into eight equally spaced elements, and the analysis
is carried out for the following cases.

a) Sandwich construction having the following material
properties: Ef = E = 107 psi; Gc = 1500 psi; vf = 0.25. Further-
more, the core is assumed soft in the -face parallel direction,
and the shear deformations of the facings are neglected by
assigning: Ec = 0; Gf = 1015 psi.

b) Homogeneous construction with the following material
properties: Ef = Ec = E = 107 psi; vf = vc = 0.30. To minimize
the shear deformations, it is assumed that: Gf = Gc = 1010 psi.

The results of these ̂ analyses are shown in Figs. 4 and 5 with
circles. Figure 4 shows the normalized load-center deflection of
the above plates. With the material properties assumed, these
results can be compared with the nonlinear solutions of Way10

for the homogeneous plate, and with that of Smith11 for the
sandwich plate. This comparison shows a close agreement
between the present results and the above analytical solutions.
It is of interest to note that the range of deflections for which
the linear theory is applicable is of the order of one-half plate
thickness for the homogeneous plate, and composite thickness
for the sandwich plate.

The accuracy of the finite element analysis is further assessed
in Fig. 5. In this figure, the variations of edge moment and
in-plane force, in the radial direction, are shown as a function
of applied pressure for the homogeneous plate. As shown, the
agreement between the finite element results and the analytical
solution of Ref. 10 is quite satisfactory. For the sandwich plate,
the corresponding results are not shown, as no analytical solution
was available.

The number of load increments used in obtaining the foregoing
results was 44 for Sec. a and 21 for Sec. b. The computer time
per element per load increment was 0.84 sec (cp).;j:

2. Symmetrical Buckling of a Shallow Spherical Shell
Theoretical studies of the buckling problem of spherical caps

have received considerable attention in the past decade. As a

—— REF ( 10 )

© FINITE ELEMENT

.2 .4 .6 .8 1.0
(az/h4E)Mr>(a2/h3E)Nr

Fig. 5 Edge moment and in-plane force of the homogeneous circular
plate.

t Central Processor, CDC 6400, University of California Computer
Center, Berkeley, Calif.
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Fig. 6 Symmetrical buckling of a homogeneous cap.

result of these investigations, a geometric parameter has been
devised to predict the buckling behavior of these structures.
Weinitschke12-13 has defined this parameter as /i2 = m2(R/h}y.2,
where R is the radius of middle surface, a is the semiangle of
shell opening, h is the thickness, and m2 = [12(1 —v2)]1 /2 , in
which v is the Poisson's ratio. In the case of homogeneous
simply supported spherical shell under uniform lateral pressure,
it has been shown that13: a) The buckling is associated with a
symmetrical mode (snap-through phenomenon) when 2.2 s
// s 4; b) the buckling is associated with an asymmetrical mode
(bifurcation phenomenon) when \JL > 4.

Asymmetrical buckling of axisymmetric shells cannot be in-
vestigated with the present formulation. Therefore, to show the
application of the method to buckling and postbuckling problem
of axisymmetrical shells, a spherical cap of type a is considered.
It has the following characteristics: hf = 0.01 in.; hc = 0.08 in.;
h = 0.10 in.; R = 50 in.; a = 4.48°. In order to compare the
results with the analytical solutions reported in Ref. 12, a
homogeneous construction is assumed. Hence, for all layers:
E = 107 psi; G = 4 x 106 psi; and v = 1/3. Furthermore, the cap
is simply supported and is under uniform lateral pressure p.
For this cap /*2 = 10; therefore the shell should buckle
symmetrically.

For the analysis of this shell, ten elements and 52 load
increments were used. For postbuckling analysis, the structure
was augmented using fictitious elastic spring of c = 10,000 Ib/in.

The results of this analysis is shown in Fig. 6. The load
parameter p, in this figure, is defined as p = (^2m2/4E)(R/h)2p.
Weinitschke, using a power series method, has solved this
problem.12 His result is also shown in the figure. The agreement
between the two solutions, except at the lower critical load, is
good.

The computer solution time for this problem was 0.9 sec
(cp) per element per increment. This indicates less than 8%
increase over the previous examples. The extra effort required
by the augmentation process, accounts for this increase.

3. Elastic-Plastic Buckling of a Sandwich Cap

The sandwich cap shown in Fig. 7 is made of honeycomb
core and identical aluminum face sheets. Its geometrical and

material characteristics are: ^ = 0.0076 in., hc = 0.125 in.,
R = 19.68 in., a = 20.0 in., Ef = 10.35 x 106 psi, Gf = 3.98 x 106

psi, v/ = 0.3, Ec = 60,000 psi, Gc = 26,000 psi, vc = 0.154, and in
the plastic range, ay = 15,000 psi and Et = 1.485 x 106 psi which
are, respectively, the average yield stress and tangent modulus
of the face sheets.

Using nine elements, the elastic (assuming fixed supports),
and elastic-plastic (assuming both fixed and simple supports)
buckling behavior of this cap was analyzed under a uniform
external pressure p. The finite element results are shown in
Fig. 7. Also shown are the Lin's14 experimental buckling load
and the predicted buckling loads using Yao's15 linear eigenvalue
solution. For the latter, two values are shown. The one designated
as elastic is obtained using elastic moduli. The other predicted
value is obtained using the following reduced modulus for the
facings

Er = 2Et Ef/(Et + Ef) = 2.6 x 106 psi
In Fig. 7 all the results are normalized with respect to Yao's
reduced modulus solution of Pcr = 33.5 psi and the composite
thickness of the cap, i.e., h = hc + 2hr Comparing the finite
element solutions with the above experimental and predicted
buckling loads indicates a good correlation between the elastic-
plastic finite element results and those of Lin's experimental and
Yao's reduced modulus theory. Also, the locations of the buckles
which according to finite element solutions occurred at the
radial distances of 0.69a and 0.80a from the centerline (see
Fig. 7) are in qualitative agreement with Lin's observation.14

Summary and Conclusions
An incremental displacement formulation has been presented

for the nonlinear analysis of axisymmetric sandwich shells. Both
geometric and material nonlinearities are considered. That is,
large displacements, as a result of finite rotations, and plastic
deformations of the facings are included in the present analysis.
The sandwich construction considered has similar facings and
isotropic material properties. Shear deformations, extensional,
and flexural stiffnesses of all three layers are taken into account.

#, ELASTIC{
3.9, REF (15)
2.8, RE. (FIXED END)

1.0

.6 .8 1.0
(*mox/h)

Fig. 7 Elastic-plastic buckling of a sandwich cap.



MAY 1973 ELEMENT ANALYSIS OF SANDWICH SHELLS OF REVOLUTION 721

The discrete model is obtained using a doubly curved ring
element. An incremental variational form, based on a moving
reference configuration, has been used to derive the element
equilibrium equations. These equations contain a load correction
term which improves the accuracy and convergence. Incremental
Lagrangian forms of stress-strain and strain-displacement rela-
tions, subject to the assumptions of finite rotations but in-
finitesimal strains, have been utilized in these derivations.

Perhaps the most significant aspect of the present nonlinear
analysis is its capability to analyze buckling and postbuckling
problems. For the latter, an augmentation scheme has been
utilized which results in a positive definite stiffness matrix in the
descending branch of the load-deflection curve. This technique
proved to be quite effective in the solution of such problems.
The extra computational effort required, it is felt, is outweighed
by its usefulness.

Several numerical examples have been worked out to illustrate
the applications of the method to nonlinear bending and buckling
problems of axisymmetric plates and shells. In the elastic range,
structures with both homogeneous and sandwich construction
were analyzed; but in the plastic range, only sandwich shells
with soft core and thin facings were considered. The results
compare favorably with the analytical and experimental data
available in the literature.

Appendix A : Strain- Displacement Relations for
Axisymmetric Monocoque Shells

The nonlinear incremental strain-displacement relations
including the effects of transverse shear deformations of an
axisymmetric monocoque shell with axisymmetric deformations
are derived subject to the following assumptions. 1) The shell
is thin, i.e., the ratios of the thickness to the principal radii
of curvature are small compared to unity. 2) The shell reference
surface bisects the thickness. 3) In-plane strains and displace-
ments vary linearly across the thickness. Transverse shear strains
are constant across the thickness. 4) The normal strain in
transverse direction is neglected. 5) The triple products of the
linear components of strains, rotations, and their derivatives are
negligible.

Following Novozhilov's approach,16 the following axi-
symmetric displacement field is assumed :

wtej.f) - n°(ai) + C0(ai) (Ala)
w(a1,C) = w°(a1) + ;>(«!) (Alb)

where u and w are, respectively, the meridional and normal
(radial) components of the incremental displacement vector of
any point in the shell proper; u° and w° are the displacement
components of a point in middle surface ; C is a normal co-
ordinate line with its origin in the middle surface; and /? (rotation
of the normal to the middle surface) and \j/ are introduced to
give a linear variation of displacements across the thickness.
Note that assumption 4, which will be imposed later, is not
satisfied by the Eq. (Alb).

The nonlinear strain-displacement relations are obtained
using16

Here

where in the case of thin shells of revolution with the displace-
ment field (A 1).

*u = 'ii° + £ld̂sRl

t>22 = e22°+-(£cos<£ + i/'sin0)
F (r\ja—ej

(A3f)

2*13 =
are the linear components of the strain tensors, and

(A4ab)

are the linear components of the middle surface strains in
meridional and hoop directions, respectively

X = u°/Rl-dw°/ds' (A4c)
is the rotation of the tangent to the middle surface ;
ds = R1dcl); r = JR2sin</>; Rl and R2 are the principal radii of
curvature; 5 and </> are, respectively, the arc length and the
coordinate angle in the meridional direction.

By invoking assumption 4, Eqs. (A2) and (A3) yield
£33 = 2/?2 + Ml + <A/2) = 0. Therefore

iA=-i/?2/(l + <A/2)* -i/?2 (A5)
where \j//2 is neglected in comparison to unity.

Substituting Eqs. (A3) and (A5) into (A2), and introducing
assumptions- 3 and 5 results in

£22 = (A6a-d)

which are the required nonlinear incremental strain-displacement
relations.

Appendix B: Elastic-Plastic Constitutive Relations
Assuming infinitesimal deformations (strains), but finite

rotations, the incremental strain, £- ; = 2 e / / — 1sij, can be decom-
posed into elastic, s^ and plastic, e^ components, i.e.

eij = eij
!' + eif- (Bl)

Note that in terms of three-dimensional Cartesian tensors
le - -

and

where zf, zj and Z. are, respectively, the Cartesian coordinates
of a material point of a body in its undeformed and deformed
configurations Ct and C2. Therefore, the relation between the
incremental strain stj and the one used in the text, e^. =

dZj)— dtj], can be expressed as

where
Liimn = (tzJKJtfzj/KJ (B2b)

The elastic component, ef/, is related to the incremental
stresses through the elastic material law,17 i.e.,

^j = Eijmncmn (B3)
where Eijmn is the rigidity tensor; smn = 2smn— 1smn is the incre-
ment of the Piola stress tensor defined in terms of the unit area
and coordinates of the undeformed configuration. The following
relation holds between sf/. and the incremental stress tensor sif
which is used in the text4 :

SH = J ~ lLijmn smn. J = del (f _-,./<%.) <B4)
The plastic increment of strain is derived using von Mises

yield function and its associated flow rule, i.e.,
^=[fVy1 /2-^V) = 0 (B5)

Btf = MF/rl-Sij. (B6)
Here F is the yield function based on isotropic hardening law
in which k is a measure of strain hardening and is a function
of equivalent plastic strain, i.e.,

de." = [f/ (B7)

is the only nonzero rotation tensor.
1ti = 1 T i — ^ 6 i
/ is a nonzero scalar given by4

is the Cauchy deviatoric stress tensor and
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C-F cF cF
(B8)

where it is assumed that smn ~ dlsmn.
Using Eq. (B5) and the relation 1 r i j — J~lLijmn

 1smn, the above
derivatives can be expressed as

2<r ljmn

ck

(B9a)

H'
; = . -—% (B9b)

< £i; < eij a

where d = [f ltu
 lt^12 is the equivalent stress; Pijmn =

Ep/d-p); p = EJE, and E and Et are the elastic and tangent
moduli, respectively.

Using Eqs. (Bl, B3, and B6) together with Eqs. (B8) and
(B9) the following elastic-plastic constitutive relation is obtained.

sij = Ciimn£mn (BIO)
where

(Blla)
mn+fmn&ij) (Bl lb)

and

o =/«

/ = 2vju/(l-2v)
and v is the Poisson's ratio.

Using the relations (B2) and (B4), Eq. (BIO) can be trans-
formed in terms of the incremental stresses/strains used in this
paper, i.e.,

s^-r'L^C^L^E,, (B12)
The above constitutive relations remain invariant in an

orthogonal curvilinear coordinate system, provided that the
Cartesian tensors are replaced by their respective physical
components.
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